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PRELIMINARY REPORT ON AFSAM 9'DEPTH S1UDY 

INTRODUCTION: 

One ot the greatest difficulties encountered in assessing the securitJ 

or cryptographic devices which operate on principles similar to that or the 

AFSAM 9 is the determination ot the probabilit1 or depth. It has bean 

possible to derive satisfactory a• priori estimates or the probabilitJ or 

depth for the class or structures wherein each setting has a unique pred-
-

ecessor; e.g. the AFSAM 7. However, a' priori estimates or the probabilit1 

ot depth. are not at all adequate tor structures, such as those gane~tad 

by the AFSAM 9, which are comprised not onl1 ot single points (i.e. settings 

which have a unique predecessor), but also or critical pointe (e.g. branch 

points and origins). 

Thus the onl.7 pMot.ieal means of ascertaining the incidence ot depth 

tor at"-ctureiJ containing oritical poirats is b7 means ot sqplj.ns. As to 

what specific ~1tn8 proeiJdur•s should be emploJBd, there are obviouslJ 

YBI7 EQJ' theoretioal17 10\lnd procedures one could propose; however, whether 

or not a partiou.lar aampliq prooedure !a teaaible will be largel7 determined 

b)' the ld.nd ot hlsh speed arual;vtio equipnent that is available. 

In Part I ot the report which follows is given a description and 

ana]Jrata ot the lampl:lft8 procedures that have been dmaed to determine the 

incidence ot dept.~ tor AFSAM 9 trattla tosather with a description ot the 

varioua t1P8& of statiattoa ttat aan be secured bJ utilizins these pro

ceduna. :r:n Part Il ot the report, the ident:lt:S.cation and evaluation ot 
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szcan 
those notch pattern parameters, on which the incrdence or depth depends, 

are discussed. 

Part I 

The aampling procedure which ie currently being uaed in the study ot 

the AFSAM 9 structure utilizes the tacilitiea attorded b,r PLUTO. Another 

sampling procedure which will make uae ot ATLAS II ia currently being 

programmed and will be read)" tor uae in the a•ar future. The t'irat halt 

ot Part l will deeoribe the PLUTO prosralfl. Thia will be followed b7 a 

description ot the ATLAS II program, 

The samplins procedure on PLUTO ia logica117 (but not chronologioall.7) 

equivalent to the following atepa1 

(1) A quasi-random initial aettins ia t1rat generated (b,r a method 

to be described later). 

(2) With the wheela set to thia initial setting, the AFSAM 9 ia then 

stepped through a maaaage ot length 5000, and the 5000 th setting is than 

atored in a "memory." 

(3) The wheels are now aet to a new quasi-random initial setting, 

and the device is then ateppacl through a second maaaase. laah aubaequent 

setting that ia s:enarated ia compared with the setting in the ttmemor,,n 

The results ot this comparison can be aharaoteriaed b1 the tollowins 

tisurea, where Mi,j ia the jth setting on the ith maaaasea 
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~,1 M2,1 IIJ.,1 ~.1 M1,1 

~.500J I ~.5000 M:t,5000 ~,k (k > 5000) 

Caae I Caae II Caae III a,b, 

It there is a hit before the drdce has stepped more than 5000 times, 

as in C&ae I, the first •aaage is in dept.h with the eecold tor at least. one 

setting. If there is no hit before the secoDCl •ssase has been stepped 

through 10,000 settings, as shown bJ' Case II, the two Msaagee are not in 

depth. 

(4) It there is a hit before the second 111sllage baa been stepped 

through less than 10,000 settings, but more than 5,000 settings, aa inrlicatecl 

by Case DI, the 5000th setting ot the second •asap ia then inaert;ed in the 

"memo17, n aid each setting of the tirat •eaage ia now compared with the 50006b 

setting ot the second •••age. It there ia a hit before the first •asap baa been 

stepped through 5000 settings, the two •aaages are then known to be in deP'h tor 

at least one setting. 
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~,1 ,1 

~,10000 

Case III a 

Dept,h 

M 
2,10000 

~.5000 

Case III b 

Ho Depth 

( 5) It the first and. seccmd •saagee are found not. to be in depth, 11 

new quasi-random initial setting is sene:ratecl alii this }bird •saaJ;e is tJum oom

parad tor dep;h with each ot the t1rat two •ssages in the mmer outlined 

in steps (1) through (4). 

(6) Sampling accorcling to the steps prescribed in (1) thl'ough (5) is 

continued Ul'ltil am. •saage j ia toUDd to be 1n depth with eo• ••ease i, 
where j > 1. The "statistic j 11 thus obtained. corresponds to the number ot 

messages that bad to be sent in order to insure that the jth messase was 

the first one Jieldiq depth with &n7 prior message sent in the aa. ci"1J)to• 

period. It an adequate n\Diber ot runs are ada, 8&7 n, Jieldins the dis

tribution ot the j 1s, this statistic can then be utilised as a reliable 

criterion to determine the a.munt ot trattic laa.d that the AFSAM 9 can 

satel.T ca1'17 1n &I'Q" siven ci"JJ)toperiod. 
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In a similar taahion other types of statistics can also be obtained, 

such as a statistic correapondi ng to the nUIIlber of messages which have to be 

sent in order to insure ttat exact}7 k pairs ol ~~~tssagea be in depth tor at. 

least r settings; or a statistic corresponding to the number of messages which 
' 

}lave to be sent in order ttat k n-tuples be in depth tor at least r aettl.qa .. 

The above sampling procedure was not feasible until just recently, as 

the time involved in obtaining a single statistic or the type j required 

about 120 hours. The aamplihg process has ll01f been al.Jmat completelf 

autODBtized b7 deviaiug a program which enables PLUTO to generate ita own 

"quasi-random" initial settings. At the present tiM PLUTO can obt.ain a 

j statistic in about 45 minutes. 

Concerning the sampling procedure currently being used on PLUTO, the 

feature which is moat likeq to incur adverse criticism 1a the Mthod b)" which 

initial settings are generated. The initial settings of Msaages that are 

to be used in obtain1Ds an observed value of j are sene:ratacl in the tone.-

ing •nner. In addition to the actual AFSAM 9 notch pattema., separate 

rand.o~ constructed notch pattems are inserted on the wheels W-2, W-3, W-51 

w-6, W-7 and will be referred to as the secondart patterns. 'l'be wheels are 

now initiallT set to aoM rand0111l.7 selected setting (designated here as the 

pria17 setting) and stepped through massage 1. Attar the final setting of 

the Masage has been generated, the rules or motion of the AFSA.M 9 are amend

ed bJ' the addition of the following rules: 

1. W-1, W-2, W-5 and W-6 are dela7ad 'b7 the aiiiiUl.taneoua occurrence 

ot a no-notch on the aeconda17 pattern of W-5 and a no-notch on an awdlia17 

5 

SECRE'F 



two point wheel which steps ever,r time. 

2. W-i is stepped by the occurrence of a notch on tbe seconcla17 

pattem of wheel W - Ci-1)_, where 1 • 31 41 11 1. 

The wheels are now stepped according to the &lllendecl rules ot IIIDtion 

for some fixed intenal, 11&7 10,000 It ape. The 10,000 th aet.tiq am ved 

at under the amended rules of 110tion is now defined as the initial set;tlq 

for •ssase .2. By •king this proceclure iterative, a set of initial set.tlal• 

can thaa be generated. 

It is apparent that the aboYe procedure will ultimately result in the 

generation of a cycle, so that attar a certain point in the itleration the 

process will beco• periodic. There is therefore a lbd.t to the number of 

initial starts that can be generated by tbe a.bcmJ procedure. Since it ia 

eas7 to ascertain at just what point the process beco.s periodic, this l.ild.t. 

is determined and is nnar exceeded. 

Inas1111ch as the AFSAM 9 notch patterns are held constant throughout 

allJ given run, it is the secoDia.r,r J&tterns and the priar,y setting which 

determine what initial settings are used in securina II. statistic. It is 

therefore iaportant that a new random prima.ey setting a.ncl a new r&nclOJI set 

ot secondar,r patterns be selected for each statistic that is to be obtained. 

In regard to the selection of the amended rules of motion referred to 

in the aforementioned procedure tor generatiDB initial settinas, the aelectitfb 

was not oompletel.1' arbitaey but was goYBrned by the following factors 1 

(a) It is desirable that the amended rules of motion be eas7 to 

implement on PLUTO • 
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(b) In comparison with the actual AFSAM 9 structure,.the 

structure generated by the amended rules or motit>n should not be co111prisad 

or a disproportionately large number or confluences. 

(c) It has been shown in [1] that the cycle structure ot the 

AFSAM 9 is comprised or lOB disjoint sets ot structures, where the selection 

ot the initial setting of W-1, W-2, W-5 and W-6 cletennines which or the 

structures is being used. It was desired that dept.h studies be confined to 

a particular one or the 108 mutuall)" exclusive sets into which the structure 

or the AFSA.M 9 can be resolved, rather than to study the entire structure. 

Therefore, a set ot amended rules of motion in order to be eatistactor7 must 

maintain the relationship or the settings ot W-1, W-2, W-5 and W-6 nacassa17 

to this chosen one ot the structure&. 

Inasmuch as it is desirable ttat any" method of generation or initial 

settinga simulate a ~am process, one would like to know it it ia 

statistica11J' feasible to assume that the initial settings generated b,y 

the procedure described above could arise 1-ty random sampling from the 

population at large. To determine whether or not the hlPothesis that the 

generated initial settings could have been obtained b,r random selection can 

be ~tisticall)" rejected, one could devise a~ number of tests to exhibit the 

degree to which the DBthod of generation or initial settings is characterized 

b7 mthematical randoiiD'less. However, it should be pointed out ttat evan 

though one were able to reject statisticallJ" the hJPOthesia that the generated 

initial settings are mathamaticallJ" random, the nethod ot generation might. 

still be acceptable. That is, a sat of initial aettings may tail to exhibit 

1 
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characteristics or mathematical randomnes• and ye\ be dispersed so 

haphazardl.7 over the. entire AFSAM 9 structure that their use dues not 

invalidate a117 statistical analyses pertaining to dept,h studies. All that. 

is required here as regards the conditions of selection of initial settings 

is that there- should be no Erked element ot pr.rterence or bias that would· 

tend toward the inclusion or exclusion or certain local areas of the APSAM 9 

structure. 

Suppose, then, one were to compa:te aneral promlnent oharacteriiitics 

(such as precentage of frequeno7 of occurreDCe of the •tnaturee, tl'equeDOJ of 

incidence or certain ent.!7 points, expected length or leact-in for each or 

several ent17 points) ot the statistical picture or a particular AFSAM 9 

structure obtained fi'OII N •thema.ticalq randoa initial atazota with these 

same characteristics- of lila statistical picture obtained troa N initial 

settings that baft 'be8n pnerated by the method in question. It it were 

found that in both oases these characteristics were subeta.nt.ial~ the 881181 

it would then s._ quite reasonable to regard the •thod ot n~seudo-rand.om." 

generation as satiaractor,. for the pdrpose of dept,h stud,.. 

A comparison teat or this t7J)8, baaed on a sample or 1000 initial starts, 

baa been applied to one or the 108 seta or strUctures generated by the AFSAM 9 

tor an arbitnr111' chosen set of notch patterna. The results of this teat are 

described in Appendix A. 

'!'he ATlAS II procedure involves a more direct approach to the solution 

ot the deJ,'Jth probl•, atllpl.7 by answering the question, 11How •111' •asagea 

!!!! be aeDt which rill be in depth with a given M&aagefll This IIUIIIber can 

be found bT reproducing that port:.ion of the CJ'Cle structure which contains 
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all paths leading into the given message and tor which no path exceeds the 

JaXimum message length, say 5000. In order to aimplif) the pro.blem and thus 

decrease machine time, the assumption has been made that the probability of 

depth with an indicator syatem (restricting the number ot possible message 

starting points) is ~ signil'icantl7 greater than the probability ol' depth 

with no restrictions. At this writing there has been no conclusive evidence . 
denJing this assumption. 

A more detailed description ot the ATLAS program follows: In a manner 

analogous to a CJCle stud7, whereby a picture of a particular cycle structure 

is desired, consider the message as a 11C)"Cle11 of length 5000. The entry points 

to this "cycle" are then all the branch points on the message together with the 

initial or starting point of the massage. Then the lead-inawill be the paths 

taken by other messages such that depth occurs. 

The method of obtaining this sub-structure is a two-phase procedure. 

The first phase involves no:rnal (forward) stepping of the device fi'OID soma 

setting M1 to produce the message as tar as aettins M5000• The second phase 

uses reverse (backward) stepping starting trOJa the branch points and M1 and 

continuing 5000 points or until an origin terminates the st~. This can be 

shown graphical]Jr in the following diagram, where 0 represents an origin, B 

0 0 a branch point : 
0 

5000 

() l 
B 

c Ml MESSAGE M5000 
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In order to simplit,r a description ot \he ATLAS procedure, consider 

the following diagram, where an arc centered at ~he meaaase branch point il 

drawn through each successive point in the structure (baclafBrd) such that. a 

point on arc Ai is 1 aattings removed from the raesaage branch point • 

.......... 

MESSAGE 

Two or more points on the ..._arc have in COIDOil the 3-wheel CCM setting 

containecl iD the APSlM 9 setting. PurtheJ'IDDre, t'lle motion of t..be remining 

rive wheels proceeding fraa a branch point (necceasal'ilr or multiplioitJ two) 

in one direction is the complementaey DlOt.ion or the opposite dil'ection. These 

two etateD1811ts constitute the basis or the counting procedure, wherebJ aucceasift 

CCM settings account for the 1 associated with .A1 along one stream (direction), 

and the number of such strea• f1 interaect.ing or tel'lllinating on At is 

where Bt-l &Jd o1_1 are the number or branch pOints an4 origins reapectiwl.J' 

along A1_1• Bence the tot.alltT of points in this sub-structure ia 

14999 
T • & r1 1•1 
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It one calla the stream originating (backwards) from the message 

11machine number 1", or m1, then in detennining tbe two predecessors of a 

branch point, let the predecessor that is reached bJ' moring W j (one of the 

5 wheels not contained in the three CCM wheels) originate a nev achine, ~· 

while the other predecessor will continue along ~. Continue this procedure 

tor each branch point. Then at some arc A1 there will be ti machines still 

active in the backward generation and counting procedure. Therefore tbe 

procedure is first to move the CCM wheelll; secondly (tor each 111:1.) to determine 

whether the point is a single point, branch point or origin (s1multaneousl.7 

finding the motion pattern).; finally to JDOYe the wheels it necesaar,y. U 

lilt is at a single point, no 11machine" change is necessar,y. A branch point 

involves setting up a new 11machine11 , while an origin causes that •machine• . 
to be Jade awil.able tor a new branch when needed. 

The preceding paragraphs show how T, the tot.$1 number of points trca 

which a depth of at least one can occur, is found. In general onw is looking 

tor Tn• the number of points pelding a depth of at least D :> 1: 

5ooo-D 
r0 • E r1 1 

Then the total sub-structure will give Hn • E T0 + 5000-(D-1) points whi<:h 

will result in a depth ot D, where the sUIIIIIIB.tion is over 

the ent17 points to the •ssage, B&f ~· where i ~ 500Q-(D-1). Other counts 

to be tabulated are the number of branch points and origins in the sub-structure. 

Let the total number of points in the structure be designated by H. With 

each of several sets or notch pattems, a sufficient number of runs will gift 

enough statistical data to peld p • ND/N' which can be used to estimate the 
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true probabilit7 of depth. 

Part II 

In &D7 empirical approach to the probl• of determining the incidence 

ot depth, the question quite naturall7 ariaea as to whether one should con-

. tine his etudy to senral seta of notch patterns that have been deliberatei7 

selected eo aa to amplif)' or exaggerate certain attributes of the notch 

pattern population at large; or whether one should ampl.oy the mthod of l'&lld• 

, . selection. If enoqb information concerning the relation between the DOtch 
• 

pattern parameters and the genealo17 of the AFSAH 9 stru.cture ia available, 

the forMr procedure would se• to be the more expedient. It therefore is 

· desirable to devote sa. effort to the problem ot ident:l£71ng and ewluatina 

those notch pattern par~era of which the incidence ot depth ia a tanction. 

The moat important attribute affecting t.he incidence of depth is tbe 

number of branch po1Dt.a tl'at are contained. iD the motion structure seneratecl 

by a set of notch pat tams. Let It {B) be the function 11hich relates the naber 

of branch poildi s to the notch p~tt.era paraa.tars. 'J.'he CCII aett:lngs distribute 

themselves into three clasaee Of 'a-ise (36)3 /3, liince (21,1,) • 3• One of the 

criteria tor a branch point 11 that W-3 be on a llimls (-). Hence the DUIIber 

of aettiuga of" the COif 'which _, ;yie-ld 1mmch -pointe is (36) 
2
15/3 • 61t80. 

The 16 branch point patterns on 5 11beele gi"N 

where ci is the DUBber of no-notches precaaded "" no-notches ( -) on W-i. Hence 
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H (B) • 6480 Bk S., B8 ~B5 (l5+C6) + 4B6 (15+C5>]. 
• 25,920 B4 S., Bg ~5 (3o-B6) +• II(, (3o-B5)] 

• 51,840 ak a, a8 G5 (B5+s6> - B5 s6] 

In the above expression B1 (1 • 4,5,6,7,8) corresponds to the number or 

blocks or which the notch pattern on wheel wi is comprised. !he mmaber 

ot blocks ia defined aa one halt the number ot changes of sign. BecaUH 

ot the criteria that are used in defining whether or not a given notch pattern 

ia an admissable one, N (B) ia independent of the patterns on W-1, W-2 and 

W-3, and the Bi are limited to the range or values 5.; Bi ,_ 15. It la 

apparent t:tat the function R (B) is IIBXimized when: 

( 1) B4 • a., • B8 • 15 

(2) B
5 

• 15 and/or B6 • 15 

and is minimized when: 

(l) B1 • 5 (i • 4,5,6,7,8) 

Therefore, the number ot branch points in &n7 AFSAM 9 structure cannot 

exceed U8,098,000,000; DOl" can the Dumber or branch points be leas thaD 

2,430,000,000. It the ~-- number ot branch points that is realizable 

ia defined aa 100 pei"Cent saturation, it then follows that the totallt7 or 

branch point.& C&D Dtmll" be leas than 2.05 percent of saturation. 

Statistics releY&nt to the incidence or depth Which have been secured 

tor a particular set ot notch JBtterna would be much 1110re significant it 

the proba.blllt7 with respect to a given notch parameter of selecting the 
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set is known. For example, 1£ a set or patterns is selected ~ich generates a 

structure with the number or branch J"'ints classd.tied as la.S-1&9 percent 

saturation, it would be 'V'EII7 useful to be ablo to estiate the pro'tab1lit1 of 

securing b,r random selection a set or patterns tor which the number of branch 

points would have a clansitication which exceeds 1..9 percent saturation • 
.J - ... -

Because the degree ot branch point saturation ia the moat important 

attribute arrecting the incidence 9£ depth, it is expedient to devote soma 

time to the problem or deriving a probabd.lit7 distribution which can be used 

to determine the probabilitr ot selecting a set ot patterns for which the 

degree or saturation is greater than x percent. Inasmuch as the number of 

branch points is, in terms ot the notch pattern parameters, a function 

only or the number or blocks, the problea or obtaining such a dietrri'ba.tion 

obviousJ.T entails a means ot counting or satiating the number of adJDisaable 

notch patterns which have i blocks ( 5 ~ i '15). The probl• or S8C11ri.ftl 

such counts is not exactl.7 trivial, but could be progrumecl for ATLAS II. 

However, the probabilit7 distribution tor the population of pLtterns which 

satis£7 only that portion or the criterion or admissability which requires 

that there be no more than £1"18 contiguous notches or no-notches can be 

obtained directly trom known results obtained in a report. by B. Harris, 
' 

NSA-314, "On the Number ot Cyclic Binar;y Pat tams" o This distribution 

appears on page number 15. 

ll 
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M:~~B 
SIGRD DISTIUIIJTION A 

! !1!1. ResrouDe<l P'il 
Theoretical 
Freguencz: 

l 0,5] o.oo, .o,a u. 
7 0.035 
8 O,l.IJe, .141t 182. 
9 0.282 .282 ,,. 

10 0.294 .294 370. 
11 0.172 ·172 217. 
12 0.058 .o,e 72. 
13 o.:J l4 0.001 .012 15· 
15 o. 1259· 

'lhe vorld.q hJpotheaia waa now acle ta.t the above dlatrlbutloa 

tor the population ot pattema whlab are onl7 ~~art.la1]7 acllllaalble 

doea not eaaential.lJ" dlttar t... the dlatrlbat.lon tor the population of 

adnd.aaable pa"tema ~nil ooulcl therefore be uaed to eat:lat.e the pro-

portion of adnd.aaable .. ttema which haft l blooka. Thia eat.late 

waa then incoprorated in to an ATLAS ptoBram to obtll~ the dea1red 

probabiUt.y d~.st.ribtlM on, which ia si wn in Appendix B, 

lnapirlcal l"eault a which lencl crade'nce to the vol"klns hJpotheala re

ferred to in the precacliq JBI'&IJraph ware aeauecl in the following ........ 

The diatl'i'bl.ltion ot the IDiber of adld.aaable pattama which taw 1 bloolal 

waa obtained tor a prariou~ aonat.ru.ct.acl and a.t.lable aample of 1258 

tu~ adlld.aaable pattena, ( Por a deacript.ion of the .thad bJ" which 

these adld.eaable pattema were conetru.ctacl, aee reference i)Jat the elll ot. 

t.hia report,). Th1a auple distribution topt.her with the caaputat.ioa ot 
2 -y.;. la giYen on paae 16. 

15 

SE€RE'f 



DISTRIBUTION 8 

P(i) 
2 

1 !9. Regrouped t 0 (to - ft). f lt -
5 

~D 6 47 .037 .021 
7 
8 185 185 .147 .049 ., 
9 359 359 .285 .045 

10 372 372 .296 .011 
u 195 195 .155 2.230 
12 83 83 .066 1.681 
13 lD 14 17 .014 .6b3 
15 4.679 

From a table ot :It 2 it :l.a seen that when the number ot degrees ot-treedom 

ia 6 a value ot X. 2 aa great or greater than 4.179 would. oaaur pureJ.r aa a 

result of chance in more tban two out ot three random aamplea. Therefore 

the working b1Potheatia that distribution A is not essential~ different traa 

distribution B 1• mtirelt oonaiatent. with tha abova :reaulta. 

An examination ot the distribution in Appendix 8 ahawll that the 

probability ot securing b7 random aelection a sat ot adnd.aaable pattema lla'Yiila 

a percentage ot saturation greater than 50 per.cent ia leaa than 0.0005. If, 

therefore, it were known tha. t the on13' important attribute affecting the 

incidence ot depth 1a the number ot branch point a comprising a structure, 

statistics relevant to the incidence ot depth could then be secured b,r the 

procedures described in Part. I for several seta ot JBtt.ema haYing, aa7, 

tram 48 percent to 50 percent saturation. These atatiatica could then t. 

used aa criteria t.o determine the amount ot traffic load that can be aatelJ 

tolerated, since the probability ot a situation ar:l.ains tor which theae 

saturation a~iteria are not aat:l.afied would be leas than 0.0005 • 

.. - --
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The identification and evaluation or other notch pattern parameters 

which attect the incidence ol depth are therefore matters or practical 

importance. Before attempt,ing to identify' ai'J1' other JBttem-parameters which 

might affect the incidence or depth, however, it is first necessar,r to 

determine how the genealogical characteristics'or a general structure of \he 

AFSAM 9 t7Pe are related to the incidence or depth. Those characteristics 

or the structure which do significantly affect the incidence or depth .. , 

perhaps then be expressed as some tuncti\.on of the p~.ttem parameters, as hal 

already been done tor the function N (B) • 

An investigation or the characteristics ot a general structure ravalli 

that there are three distinct types or classes or branch points. Those 

branch points which have as their two predecessors (either ialnediate or 

l"elllOVed by one or more single points) two branch points are here classified 

as t;ype I. Those branch points which have as their tw predecessors two 

origins are classified as t1Pe II, am those which han as their two 

predecessors one origin and one branch point as t)'JMI III. 

In terms of these three classes of branch pointe, the two limitiaa 

distributions tor a~ tree comprised or H critical points area 

'l'1Pe I 

TJpe II 

T;ypa III 

Distribution I 

N/2 

H/2 

0 
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(The configuration comprised of an nae1cle branch point together with !t1 

entire associated ott-cJCle network ot predeceaaora is here referred to &I 

From the illustra.tiond or two trees which an &i Yen below, it. ia 

apparent that tor atNcturaa comprised solel1 ot critical points tbtl 

tunction r (P) 1 corresponding to the probabilit1 of a pair ot maupe 

being in depth, ia maximised tor the set of tnea haYing the l:lld.tllll 

distribution I• 

Distribution I : H • 32 Distribution II: R • 32 
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The function r- ( P1) has been formulated tor "thra part.iculal' Diat.ri'bllticm 

I cnse tor Vhich N • ~: 

2' f ~ L-2 ] Lc-1 t-1] 
P (Pz) • N2 tl' (2) -1 N - (2 -1» · 2 

In the above expression L is the length ot t.he message and N iii the wip! 

ot the tree, ioeo the total number ot points or setting& of 'llhicb tht~ tfNGil 

is comprisedo The function r (~) give~ the exact probabilit7 of d.apt.h foJP 
c 

•saagea of length L when N ia a power of two11 and ia a rea&on&b17 sood 

approximation tor all other admissable values ot No (·TI'ees having tins 

limiting distribution I require that NO::O (mod l) 0 while \hoBQ ha'ring thg 

limiting distribution II require that N:!O (JDOd 2)) o 

The corresponding function P (PII) baa bean formulated tor aU 
' 

admissable valuee ~ N, and appears below: 

It is apparent tba t when L co 2, 

aDd that when L ~ 3, P (P1) > P (PI1) o Moreovar0 when Lis approxiate}7 

50 or 1110ra and N >> L, the ratio 

!J!lL .. ! 
Plpt:[} 2 

L-2 L-1 L-1] (3°2 -1) N - (2
2 

-1) 2 

L (N+2) - L - (N+l) 

It would thus appear that the t7P8 of branch points of which 1. atructui"' 
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is ~aminantlY comprised is a tactor which does significant17 atrect tbe 

~ncidence or depth. 

It haa been conjectured that the distribution of single pointe be-
I 

tween branch-origin segments and branch-branch segments may •teriallf affect . 
the probabllit7 ot depth. In accordance with this c~njecture, it is belieYBd 

that the moat fa'V'Orable distribution consists of distributing single pointe 

as unitohill.y a.a possible between· branch-origin segments or the tree. Therefore, . ~ 

one ma7 conditional.l7 regard the diatri~tion or single points aa a factor 

affecting the incidence of depth. 

Aa regards this third factor, it can be demonstrated that the 

distribution or ld.zwle pointe between branch-branch segments or the structure 

cannot be 18da to differ .substantialq f'"roa the distribution of single pointe 

between branch-origin a~gment.a; eo that it ia illpoaaible to distribute the 

qingle points in the ideal •nner described above. To illustrate this tact, 
I 

•.;unsider the functions r80 (t:i,wj,~), r88 (Ci,wj,Xk), a888 (CpWjj~,t1) and 

Ooso (Ci,w j'~' t 1), where r80 determines the nUIIIber or branch points which haw 

I uactl.7 one immediate predecessor that ie an origin, r BB determines the muaber 

ot braDch points which han exact]Jr one baediate predecessor that is a branch 

point, GBBB detei"JJdnea the nUilber ot branch pointe whose two iaediate 

predecessors aN branch pointe, ud o
0

B) determines the llUIIlber of branch points· 

whose two immediate predeceaaora are orlgiaa. it C8l1 be Prown that the 

function corresponding to the number of branch poi.Dt.a whose tWo 1--siate 

predeceaaora are a \)railoh point and an origin is al..,. null tor AFSAM 9 

strUctures ani therefore need not be considered. The functions r
10

, o
011

,., 

•• 
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P BB' and OBBB are expressed below in tel"lll8 or tbe notch parameters 

Ci' w3, Ik and Y1, where Ci corresponds to the llUJDber of blocka on Wi' w3 
corresponds to the DUIIbal" of 010 configurations on V .1' 'Ic corresponds to the 

IIUIIlbet of lOi contisurationa on Wk, Jd t 1 corl"Bsponda to tha IIWiber or 
t ' 

000 oontigu.rationa on w1• In aU of the following expressions Boo ia tha 

function corresponding to the DUIIIber of 00 contisurationa in tba dilated 

outf'Ui atraam ot W-3. 

,, 

+ c4 c5 
(15-c6) c

7 
x8 • c4 c5 (15-c6) x

7 
c8 + x4 c5 (15-c6> w7 w8 

+ c4 (15-c5
) '6 c~ c8 + x4 (15-c

5
) x6 c7 

w8 + c4 (15-c5> c6 17 C8 

• c
4 

x
5 

(15-c6> c7 c8 + w 4 (15-c
5
> c6 w7 w8 + w4 x5 

(15-c6) c7 w8 

• w4 'f, c15-c6) ~ x
8 

+ c4 w5 
(15-c6> w7 x8 + w4 (15-c5> c6 ~ c8 

+ c, (15-c,} c6 c7 Is} - oom 

0om • Roo {X4 !5 W6 X., Is + 14 W5 16 W7 Is + W4 Y5 W6 W7 18 

+ w4 w5 t 6 x., Xe + w4 x5 (15-c6) '? w8 + x4 x5 (15-c6) w7 w8 

• w4 (15-c5) 16 w7 w8 • x4 (15-c
5
> 16 x., w8} 
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r
88 

ca H00 {x4 c5 (l5-C6) ~ c8 + c4 x
5 

(l5-C6) c7 18 + w4 (1S-C5) C(. X., Ca 

+ c4 (ls-o
5
) ~ c7 x8 + x4 ~l5-c5 ) x6 o.1 c8 + c4 (ls-c5> c6 w7 x8 

+ w~ x
5 

(15-c6) o7 o8 + c4 c5 (ls-c6> w7 x8 + x4 c5 (15-c6> o7 w8 

+ c4 w5 
(ls-c6) x, o8 + w4 (15-0

5
) c6 c7 

w8 + c4 (15-05) w6 x., o8 

+ c
4 

Cls-c5) c6 c,1 c8 + x4 (15-c,> w6 w7 w8 + c4 c5 (ls-o6) o7 c8 

w4 w5 (ls-c6) w7 w8} - ~ 

0BBB • Roo {x,. w, 16 ~ wa + w,. Y5 w6 11 ws + 14 1s w6 w7 "s + •" "s t6 "1 "a 

+ x4 x5 (J.5-C6) "? xs + w4 (15-C5) x6 x7 
x8 + x4 (15-0

5
) x6 w7 Is 

+ w4 ~~ (15-c6> w7 Xs} 

Tbe function 11oo baa not been explicitl7 toi'IIIUl.ated in terms ot the 

notch pa.ttem ~era ot W-1, W-2 and W-3; however, empirical study 

atrongl:' Rggest.s ttl&~ ~ is relative}7 1rdependent ot the patterns on 
I 

W-1 and W-2 and is prt.rl1.7 a function ot the number ot 00 collt'igurat1oaa 

in the pattern on W-3. ln ~case, tor any p.Wn. set at pa.ttems it ie 

e&S7' to determine b,y actual cOUII\ the exact value ot f'oo • 
A cursoey examination ot the tunctione r110, 'BB' Gmm• and 0080 reveals ' , 

that it is impossible to design a set of patterns tor which rll) differs 

appreciabl.7 from P BB and tor which OBBB differs from '\,m o Therefore the 

ideal distribution of single points referred to aboYe1 'ria, that no aiftl].e 

points occur between branch-branch segments of the structun11 ia physically 

unattainable, and cannot even be approximated. 



However, although the distribution of pingle points between branch

branch segments cannot be made to differ radicallr tram the distribution 

ot single points be~ween branch-origin segments, it is possible b,y 

maximizing or minimizing o
080 

or o
888 

to cause the number or branch points 

haYing as their two 1mmediate predecessors two branch points or two orgina 
I 

to vary over a considerable range. It has already' been demonstrated that, 

tor N (B) held constant, the incidence of depth is very DlCh greater tor 

structures characterized br a tJPB I limiting distribution than tor those 

characterized b,y a trP& n limiting distribution. Therefore, it would se• 

quite logical to hrpothesize that, with N (B) held constant, the incidence 

ot depth tor a general structure (one that is comprised of a DalCh greater 

number or single points than of critical points) can be signiticantl.T 

increased or decreased b,r increasing or decreasing the number or branch 

points having as their two iiiDiled.iate predecessors two branch points. 

If the aforementioned tJrpothesis is valid, it then follows tlat the 

function Ossa is an important parameter affecting the incidence of depth. 

To determine the statistical teasibilitr of the above hypothesis the tollowia& 

test was mde: 'l'wo sets of patterns were constructed so that the structure 

generated b.r Pattern I was comprised of the same number of critical points, 

viz., 48 percent - 49 percent saturation, as that generated by Pattern II. 

Moreover, Pattem I was designed so as to make the function GBBB ralativel.T 

small, while Pattern II waw designed to make GBBB relativelr large. Pattern I 

and Pattern II are listed in Appendix c. Reference to the distribution in 

Appendix B indicates that the probability of select-ing at rand.OJil a set or 

pat\erns which generates a structure in which the critical points comprise 

mora than 49 percent saturation is less than 0.0002." Therefore, the 

•..;,;t 
J 
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parameter N (B) is very much larger for ~tterns l and II than it would 
I 

ordinarilt be for an oper&t.II'Jn.'Ll AF:-,jAM 9 device. The actual value of N (B) 

tor Pattern l was 5'/,"2lal,.:313,280 branch points and tor Pattern II waa 

56,862,000,000 branch pointso 

It will be recalled at thia point that the 6,.cle structure or the APSAM 9 

can be resolved into three pair-wise disjoint seta or atructurea Ci (iml1 21 3) 

and that each aet Ci r.an in turn be reaolved into 36 pair-wise disjoint subaeta 

Ci,j (i•1,2,3, j•0,1,2, •••• 35)• It ia ea~1 to deduce that the number ot 

branch points is the sa1118 tor each one or the 108 aeta or structures ci, J. 

However, the function 0
888 

will in general ditter tor each Ci,j• The function 

ROo will, ot course, take on three values, i.e. a talue tor each of the three 

seta ot structures Ci where Ci • t5 c1 j (i•l,2,3). Por both Pattern I and 
i•o ' 

Pattern II, it was decided to confine observations to the clasa of atruaturaa 

c
1

, 0• For Pattern I, Hbo(Cl) • 2625, G888 (C1) • 90,578,250 (0.47 percent of 

all branch points in c1) and o
8

BB (c1,o) • 2, 529,6~0 (>.48 percent or all branoh J 

points in c1, 0) For Pattern II, Hbo (Cl) • 5195, 08~9 (Cl) • 3,991,754,SSO 

(21.06 percent ot all branch points 1n Cl) oLnd 0~ (Cl 0 • ll0,9ll,OSO 
I J 

(21.07 percent or all branch pointe in cl,o·> -
I • 

The diatribution of the j - statistic ror a 'aample of aize 30 waa next 

secured tor the two seta ot patterns, I nncl II, where in both aaaea obsenationa 

were limited to the aat of atructuraa c
110

• (The 3 - atatiatic has alzoaad7 

been defined in Part I as the number of mest:Jagea that had to be aent in order 

to insure ttat the jth massage was tba first one rieldin& deP,h with &DJ 

prior maaaage.) These two distributions are given in Appendix Do 

......... 
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The means tor the above two sample distr1DUt;ion were now coapared to 

determine whether both di atribut.ions could have befm drawn rrom. the aame 

parent-population. Assuming ttat the two underl)'ing distributions are noi'IIBl 

with identical varianca, one may teat the hypothesis tiat the two means are 

equal b,y using "Student'a11 .'t distribution. 

The measureJJ:Bnt needed for testing the above hJpotheais is computed from 

the relation 

a~ -~6~go> + (7~2) 
. -~ 474 • 21.8 

The value of D, the difference between the two means, ia 201.7 - 160.5, 

or U.2. This value of D :Ia to be judged with reference to a h7Pothetica1 

value of zero. Accord.ingl.7 for T (the d~-scre):lancy expressed aer.a noi"IIBl 
........ 

deviate) we haw 

1tL.a 1 89 T • 21.8 • • 

If the true value of D were zero, a discrepancy as p-eat as this or greater 

would occur as a result of chance more than § times out of 100 as a result ot 

random fluctuations of sampling. Therefore, even with a standard significance 

ot 1 out of 201 one cannot reject the h7Potheais' that the two sample 

25 
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, :::f'buttan• ot the ota\bUc 3 could Jsye MOll d....,.. trcm t"'',- parent. 

poJ'UlttiOilo 

fow~erg ona cannot conclude on the baaia of the results ot the abo¥8 

1 
teat l hat the function 0

888 
ia not a parameter aff'ect:lng the incidence ot 

depth' Pctr if' the probabilit7 P (P) of' a pair ot ••sages/being in depth ia 

· iDCle1 a ~unction of H (B) and of o888.~~ i.e. P (P) -+JF'(B), Osas], then 

the a r· teat aimpl.J' provides empirical evidence t; .Support the atat .. nt t•t 

~r<P> 1 rv o 
"""b0aBB 

H (B) • AS perc,- eaturatioa 

lt -~ ft~ well be that if' a similar teat had bam conducted tor the caae 

WheN .ff (,} cE 30 percent saturation 

"'aF(P) 
""a Gus 

might have aaa'UII8d algn:U'lcant proportions;. . 
) 

ftlei'e Ill qo- loPcal reaaon to assume that 

'l F(P) and:: F~PJ are l~near. "710mm N B f ' 

Therefore ~notber teat to determine the effect. of Ga. on the incidence of 
I 

C:lepth ·ren 1 (B) N 20 ot- 30 percent saturation baa been conduct.ecl. In aar 
caaep ~1nc111 tor. I(B) -.x, GssB • o.~~ it is appareat t.hat if Class ia a pa......t;er 

affecJ.ne ~ha ilac:l.dmce of' depth11 it ia not a wrr ~tioant paraaater .._ I , __ 

M (B) ~ le8 perc~ aatun.tiona rr- rttema IV and V the j-atatiatic waa o~lnede A 8&111pla aln o~ 

40 W.&·Uietlv:ltda a 22.53 percent saturation. The ... theo17 that waa uaecl 011 
': 1 I . 



Jllttern I and pattem II will be used to obtain the following results in 

the comparison ot pattems IV and V 

2 
• (122.7575) + (142.452) 

40 

The value ot D is computed : 

thus: 

T • ~t~: • 2.46 

From. this T value one finds when compared with the norna.l curve or distribution, 
• that this value places us at the 2 percent level ot confidence ot approximation 

ot the normal curve. Since this sample of j-statistics so nearq tits the 

normal one may conclude tlat with the larger sample and the cut to 22.53 

percent saturation that this sample does come from the parent population. 

To provide some 1claa ot just how sensitive a parameter N (B) is, a 

, distribution ot j statistics tor a sample of size 20 was obtained. This 

distribution, labeled distribution III, is glven in Appendix D. Notch pattem 

set III (listed in Apendix C) tor which N (B) • 22.53 percent saturation, •s 
I 

issued-, to obtain this distribution. It will be noted that the mean tor 

distribution III is signiticahtq greater than that tor distributions I and II. 
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A more detailed analysis of the patterns I, li, IV, V appea:rs iJ! App~n41x 1 .. 
.- , .. ,_ 

CONCLUSIONS: 

Logical deduction supplement~ in some instances b,r statistical,~n-

tetGnce strongly- augges~s tt&t when N (B) is relativel.T lar~e, i.e. N, (B) > $0 

pe.rc.ent saturation, the onl1' important parameter Jlf~.ecting the i~idepce of deP'h ..J 

is N (B). However, it is quite probable that GBBB becomes a significant 

parameter when N (B) ass1.\1118S values ttat are, in the probability sanae, IIJON . 
nonnal, viz. 15 percent - 30 percent saturation. Additional statistical te1ta 

will have to be conducted before any conclusions can be Mde regarding this 

last possibility. 

Because the incidence of depth is so dependent upon the 'Value ot M (B) 11 it 

is suggested that the AF~ 9 be utilized in such a manner as will preclude the 

possibility or N (B) ever exceeding, say 25 percent or 30 percent saturation. 

This could be easily accomp1i.sl!ed it it were not -oblectionable- to ext~ncJi 

rurt.her the definition or admissabilit;y tor notch pattems. For ex&alpl.e, .. 
... - ..... "' } ..., ... ·"- ' - .. ~ ·~ .. 

could define an ad.misliable "set" or pattams as one tor wM.Ch N (B) < 30 

per~ent saturation tor all ~ssible aub-~t~ cotllpri&M ,or,·,igl\'b pr.tt&l'fta. 

Onl.T sets of pattems which a~e· admissible in the above aenSG woUld t.hea be 

.I ~ .... 1 I "o I"' p I 

' se:tect trciiD. his set or pat.tema a subset ot eight pattems tor which 

N (B)> 30 percent saturation. 

The above redefi~tion or admissibility wouid permit ~g~elter Ybltima or 

ttoartic flow and would thus increase the efficiency or the device, provided, 

or course, that the security attorded b;y the AFSAM 9 is' a function ot notch 

~tt~rn4dentitication rather than or recovery. 



Sl!i9RB'f 

In this study no attempt was made to determine whether the incidence 

or depth is appreciably greater when message starts are restricted by an 

indicator system. Tlie only' data relevant to this question that are currentl,

available are the statistical pictures in Appendix A. It probability ot 

depth is not independent or the proposed indicator S7Bt•, it would seem 

logical to conjecture that the alignment or the alphabet ring with respect to the 

notch pattern sequence is significantlY affecting the incidence or depth. 

To determine whether the alphabet ring alignment is a depth parameter, 

the following test is proposed. For a suitable set or notch patterns two 

distributions or a j -· statistic are obtained. One distribution is obtained 

tor the case tor which the alignment or the alphabet M.ngs minimizes the 

number or indicator settiqgs that are origins. The other distribution is 

obtained tor the case tor which the alignment or the alphabet rings minimises 

the number of indicator settings that are origins. The mean or the two 

distributions could then be compared to determine whether their difference 

is significant. 

Whether or not it will be necessaey to un:lert;ake &D1' investigations to 

determine the degree ot dependence ot F ( P) on the proposed indicator system 

has not yet been determined. 

1 "Some Genealogical Characteristics of the C)'Cle Structure ot the 

AFSAM 9 For a Particular Set ot Notch Rings 11 :, R. P. MurphJ' and 

Warren Lots, C84.2 

2 "Notch Rings Suitable tor Use in APSAM '1 and AFSAM 9": 

Marguerite D. Newell, C90.0214 
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elton ot Ma:rri.n Basa, NSA-311, Bernard Harria, RSA-314 and 

tt. wtnsa H. Comeliue, Jr., RSA-314. 
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OEbltaJt APPENDIX A 

In order to ascertain whether the clusterjng or message starts in 

various parts or the cycle structure exh1bit any "non-random" characteristics 

when quasi-random or indicator starts are employed, a sample of 1,000 random., 

1,000 quasi-random, and 1,000 indicator starts were obtained. These were 

grouped according to points at which their successors entered a CJCle. The 

frequencies or each group are presented in fable I. 

To test the Jvpothesis that these three samples nay be regarded as three 

samples from the same population, we construct the likelihood ratio test tor 

homogeneitJ or samples from a multinomial distribution. 

Let x1j be the number or elements in the ith call in the jth sample 

(i•l,2, ••• ,m,j • 1,2, ••• ,k) 

Forming the likelihood ratio, we get: 

I;< ~j n . .Lj 
,J 
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2 log\. a rJ: • 2 E E "!.• (log ~ - los E ~ \ 
- I' ~~-:l)(o1-l) 1 j 11 "'J j n / 

• We know that. t.hia q.uant.it.7 S.a approximatalf diatributad aa 'J,.! with 
I 

(k-l)(m-1) desraea of freedom.. (Loprit.hma are baaa •> \ 

~~ \ AJJP17iftl the above t.eat, we find ~ o 17 .62, anll we thentore a4,oept, 

tbe aul1 hJpot.heaia at the .05 leYal ot aignificancao 
I . 

In Tabla II, the avarasa lenst,ha ot lead-ina to Y&rioua 07011 ent17 poia\1 

are shown. Due to the non-onhogonalitr ot the data, a resreaaion anaJ.7a:l1 

was not carried out at this u... Sinaa the tabla augeata ttat ft.ncloll' .. tar\1 . 
' _,. siva rise t.o longer lead-ina, some anal;rala of tll:l• t)1MI vtll be carried 

out at aa. tlltura data. ''lha data doe a not IUII••t tt.t reaulta f.rola the 

quaai-r&ncl• etart.a would lead to 1-eaa depbh thaft the rand.aa atart•• 

DIU I 

ENTRY RANDOM CIUASI-RANIXII IQICA'§)I 

AA lU 14'1 128 
AB 194 179 l?:J 
AO 60 " ,. 
B\ 133 143 l:Jl 
BB 68 72 83 
BO 30 24 24 
II) 42 :JO ,, 
Bl 71 72 85 
Reaidue 260 269 :ll:J 
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g~~m~a 
~ .at:.A '-A ... --~ ~ 

TABLB II 

ENTRY RANDOM QUASI-RANDOM INDICIA'roR 
AA 3Ull0 295353 272378 AB 384011 386665 373349 AC 183975 198623 17'1730 M 289334 282557 283168 
88 316828 309518 300674 BC 200403 168741 185079 BD 24fXXYI 206810 228950 BB 323878 321169 346601 

3 
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.. e...} .a..:.. '-A ..... .I.:J ..:-

APPENDIX B ) 
I 

PERC»>T J PROBABILITY OF SELECTIIG 
SATURATION A SET OF PATTERNS HA VINO 

PERCENT PROBABILITY OF SELICTINO 
SATURATIOI A SIT OF PATTERNS HAVIIO A 

00 
01 
02 
03 
04 
05 
06 

~ 
09 

. 10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

A HIGHER PERC»>T SATURATION 

1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
0.999 
0.998 
0.99lt 
0.986 
0.9'14 
0.952 
0.923 
0.879 
0.828 
0.766 
0.697 
0.621 
0.51.6 
0.476 
0.399 
0.331 
0.281 

26 
27 
28 
29 
3Q 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
L1 
42 
43 
44 
45 
46 
47 
lt8 
49 
50 
51- 99 

.;PCIIIIII IZRcENT SA'l'URl!IOI 

0.221 
0.177 
0.141 
0.109 
0.085 
0.065 
o.oLS 
0.035 
0.025 
0.019 
o.ou. 
0.010 
0.007 
0.005 
o.oolt 
0.003 
0.002 
0 .. 002 
0.001 
0.001 
0.001 
0.001 
o.oo1 
0.001 
o.ooo 
o.ooo 



APPF.NDIX C 

f'ATTERN I PA 'l'TERN II PATTERN- Ill 

1 2 .3 " 5 6 7 8 12.31&5678 1 2 .3 " 5 6 7 8 

0 0 1 1 1 1 1 1 1 01111111 11100000 
1 1 1 0 1 1 1 1 1 11100000 0 1 1 1 1 0 0 1 
2 01100000 0 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 
3 10000000 10100000 00010111 
4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11010110 
5 11011111 11000000 01010110 
6 11100000 11011111 11011001 
7 01000000 01000000 01101100 
8 1 0 1 1 1 1 1 1 100111:!1 10111111 
9 00011111 00001100 00101011 
10 01100000 0 1 1 1 1 1'1 1 11001010 
11 11000000 11101100 11010010 
12 00111111 00111111 10001101 
13 01011111 01101100 01101000 
14 10100000 10111111 00111000 
15 11010111 11001100 01110111 
16 01111111 01011111 11101011 
17 00001000 00001100 00100001 
18 1 1 1 1 0 1 1 1 11011111 11010010 
19 10011111 10001100 10111101 
20 11101000 1 1 1 1 1 1 1 1 01111000 
21 01010111 01101100 01101111 
22 00111111 00111111 10100100 
23 01001000 01101100 11001111 
24 10110111 10111111 10111100 
25 01011111 01010000 01100011 
26 01101000 01010011 11100111 
27 11010111 11010000 01011111 
28 11111111 11110011 11111101 
29 10101000 10110011 10111111 
30 00110111 00110011 10100100 
.31 10101000 10110011 00010011 
32 10 1'1 1111 10110011 10010110 
.33 11100000 11000011 11010111 
.34 10111111 10100011 00011111 
35 10000000 10000000 10011000 
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- APPDIDU q I 

PATTERN IV PATTERN V \ 
1 2 3 4 5 6"7 8 \~345678 

0 o1{f1!!1 01111111 
1 11100000 11011111 
2 01111111 01101100 
) 10100000 10000000 
4 11111111 11110011 
5 1100000a 11011111 
6 11111111 1!!-0llQ-G .,. &l~GOOOO 01001100 
8 10011111 10110011 
9 00000000 00010011 
10 01111111 01101100 
11 11100000 11001100 
12 00111111 00111111 
l3 01100000 01010011 u 10111111 10100000 
15 11001100 11001101 
16 01011111 01111111 
17 00011111 00011110 
18 11011111 11100001 
19 10011110 10000001 
20 1 1 1 1 1 1 1 1 11111110 
21 01111110 01011111 
22 00111111 00101101 
23 01111111 01000000 
2L. 10111111 10110011 
25 01011111 01011111 
26 01011111 01111110 
27 11011111 11001101 
28 11110011 11110011 
29 10100001 10110010 
30 00100001 00111111 
31 10100001 10101100 
32 10100000 10110011 
33 11000000 11110010 , ... 10100000 10111111 
35 1 o o o o' o o o 10000000 

(Both patterns have the same saturation aa ):&ttem 311 vis 22o53 parceftt) 

' 
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APPENDIX D 
I 

(j - atatiatica tor messap,ea of 1eng\h 5000) 

DISTRIBUTION I 

1 234 
2 203 
3 189 
4 305 
5 69 
6 150 
7 283 
8 220 
9 138 
10 182 
11 39 
12 108 
13 182 
14 365 
15 157 
16 144 
17 275 
18 231 
19 209 
20 229 
21 299 

. 22 228 
23 99 
21t 156 
25 176 
26 244 
Z1 136 
28 118 
29 434 
30~ 

6050 

j- 201.67 

a - 85o28 

DISTRIBUTION II 

230 
199 
154 
283 
118 
237 
75 

214 
144 
146 
151 
105 
]J2 

20 
192 
159 

85 
126 
379 
1o6 
187 

48 
162 
211 
174 
364 
122 
61 
58 

17] 
4815 

'3' - 160.50 

a • 83o37 

SE€RET 

DISTRIBUTION II! 

197 
381 
355 
187 
314 
209 
263 
355 
415 
350 
2U. 
126 
290 
201 
404 
359 
261 
27 

383 
295 

5592 

a • 101.8 



DISTRIBUTION IV 

1 113 
2 310 
3 90 
4 3U 
5 173 
6 60 
7 252 
8 536 
9 154 
10 56 
11 273 
12 83 
13 106 
14 294 
15 291 
16 109 
17 161 
18 122 
19 157 
20 221 
21 200 
22 71 
23 361 
24 2:11 
25 212 
26 207 
27 113 
28 208 
29 485 
30 140 
31 1'n-
32 82 
33 53 
34 358 
35 183 
36 23 
Y1 461 
38 166 
39 380 
40 151 

i . 206.75 

0 .. 122.7575 

APPENDIX D 

a ... 

DISTRIBUTION V 

3.03 
138 
390 

59 
17~ 
99 

421 
355 
150 
273 
116 

40 
364 
208 
250 
296 
606 
286 
83 

304 
559 
199 
384 
304 
459 

29 
48 

378 
' 384 

98 
262 
278 
260 
336 
348 
439 
256 
U9 
470 
342 

'J • 2'19o925 

0. 142.542 



APPENDIX E 

SlJMl.fARY AND RESULTS 

I. 'lbe four sets of obs~rvationa J11, J12, ,J21, J22 were plotted on 

probability paper. No aeveredeviations from nonnality were noted. J11 

corresponds to pattern I, J12 to pattern II, J21 to pattern IV, and J22 

to pattern v. 
II Sample means and sample variances were computed. The tact that 

the four sets of observations are heteroscedastic was noted and verified br 

Bartlett's Test establishing significanc~ at the 1 percent level. 

III An analysis ot variance was carried out by inverse weighting of 

variances per Theorem of David and Neymn ("Extension of the Markoff Theorem 

on Least Squares,'' Statistical Research Memoirs., 2: 105-116 (1938)). 

Let Ho:Pll • .Jil2 •.ft 21 -.Ai22 

In accordance with the linear hypothesis write 

and 

H0 is then,<9 1 • )"j • o. 
(ji is the effect or saturation level, );_ is the effect or the branching pattem 

within saturation level. 

eijk is the residual error; furthemore, e ijk is N (o,a
2
ij) • For con

venience let t/3 1 • o, E 'Y 1 • o. Let a1j 2• a 2tw1lj where Wij are weight.& uaed 

to correct tor heteroscedast1c~t.7• Designate sample estimates of 

A, /9i, ~ j• a2
13 by M, b, c, s. t b1 • t ci, • o 

In ·the Neyman-David Theorem, the Wij are known ccnstants. In the problem, 

the7 were derived from the data, a procedure which will tend to weaken the 

SE€RET 



llfplicance lenl ot the test somewhat. In new ot the larp number of d,agreae 
2 

ot freedom tor estimation or each a13, it is felt that thie will not be too ser1oua, 

.A.) To deterndne·,Jihe atrac\.__ot.J! ~ reduotion ot the total 811111 o_r lquarea 

under the null hJpothesis. 

Compute .the least squares estimate of ./It 
.~ 

ASII\Dile: Yijk • }( + e ijk 

thenf?• M 

2 
SSE • E Wij (Yijk - M) 

ijk 

SSM • TSS - SSE 

~SSE 
~ • -2 E Wij (Yijk - M) • 0 

ijk 

Mij ia the DUmber of observations in group Jij 

M • 

SJECCRIET 



2 
SSE • E Wij (Yijk - M) 

ijk 

Since M • 

' SE€RE'F 



SICRa 

'rhia gina the partition or the sum of squares wder the ouU 
I 

h7Potheaia a A07 effect dua to .j1 and Y met provide a further ~-
duction of S8Bo Since the data is non-orthogonal we can not ast.!ate 

. i ··-· parameter& aeparatelT but must repeat the entire prooeae ot obtaift.a~• 
I 1 .,.,., .. I ,... .,_...,.. 

taneoua eatimateao 

Let~. lj. o, 

tben Mu • }{ l2 • )(.1' 'h • J-<.22 a )(.2 

and YiJk • /1...+ ~i + e i.1k 

~S::' • · 2 E Wl,l (tl,lk • M' - ~) • 0 
jk 

I 
l 
I 

\... 

i 
l 
l 

i 
I 

.. 



S:\nce ~ • - "J_ bT nrt.w of ~ bi • 0 

E Wij tijk • Mt E Wij lij + bl t (Nlj Wlj - N2.1 Waj) 
ijk !3 .1 

Solution ot this set ot equations provides the estiaatea ~· b2, 11 

tor 81' {J 2, /{• 
\' 
I 

5 



SISRB'l' 

SSE - SSE' is the reduction 1h IJUIIl at equarea clUe to the iatroductioa 

ot b1• 

r • Reduction where ~. ia t.he number ot daareea of treadca clUe to 
SSI1/N8 

ei"I'Or -.,be used to, teat the IIJpotheaie ~ i. • o, 

I Row consider ~I yijk • .1( + p s. + r j + e ijk 

vbe~ {j 11 not all s~ro and 7f 
3 

not aU 181'0, 

Aa before, aoapute tba l.eaat aquarea eatiates and the partiti.oa of 

t.ha awa of squares, 

' 
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SICRm' 

.. 
E Wij Yijk • M11 E Wij Nij + b1 i E Wij Nij + E Wij Nij Cj 

j,k j j I j 

Since b~ • - b'l 

We get: 

The solution of these equations 1B7 be obtained usiq conYentional 

DBtrix methods (e.g. Gauss - DoolittJ.e, Crout, etc.), 

The reduction irr BWil ot squares due to' error is obtained as tollOWB: 

7 



... 

Designate M11 + b1 
1 + C j by ~j 

SSE0 
- SSE11 _~is the additional reducti,o,n in SUIJI.S_ot sq~rea due to 

.I ...... .. , .. 

error obtained by·int~cing Cj• 

8 
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Due to 

Total Sum. ot Square• M . 
SSE 

Reduction due to b1 SSE' 
Reduction due to c.1 

SSB" 

ANALYSIS OF VARIANCE 

d.t. 

140 
-l... 
lJ9 
__!.. 
1.38 
...!.. 
137 

* •isniticapt at .01 level. 

s.s. 

The Jvpot,heaia lfoiKu • I< 12 • J{21 • ~2 i1 then rejected at tbe 

.or level aad the riF-test" indicates a significant effect due to both 

saturation level aDd branching pattern tor these tour seta ot obserY<ations. 



E yijk 
2 

E yijk 

wij 

Nij 

wij Nij 

M 

M' 

cj 
A 

A Xij 

':l 1.1 wiJ Nij 

- 28.650 

180.615 

-30.286 

6,697o0f.SIJ. 

211.494 

28.650 

23'7.915 

)0.286 

215.704. 

5582,41952 

§IE~RJE1f 

'Total 

10,,32 

8,661.,974 

140 

129.500 



@!!fr~B 
U IUI \Uill CL1L2J 11 

'( II 

SSI 1,5511 362.2~ 

SSM 5,209,152.502 

SSE1 11 4541 870•382 

SIB" 1,367,518.195 

2 

§IE£IffiJE1F 
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.. 

s1 • 201,5~5.50 

92 • 210,866.,0 

93 • 602.779.,0 

s4 • 812,672.79 

9 • 1,627,864.29 

BARTI,ElT1 S TEST 

Nl 29 6949.64 8.84806 

R2 29 7271.26 

R3 39 15455·8d 

N4 39 20837·76 

R • 136 1,3440.16 

91 
N log .§ - t ft1 log -;"'; . 

N pi 

8.89467 

9.64750 

9.91J133 

9-~0771 

• 129.3·04856 - 12~.69854 

• 14·35002 

2 2 
91 • t x1 - - x1 

2~·59374 

. 257.94543 

376.25250 

387.90667 

l293e0f.B56 

1 1 1 1 1 1 
c • 1 + 1; {~ + '29 + 39 + 39 - 136} 

• (.121786- .00735.3) 

• 1 + .01907 • 1.01907 

M • 14.0815 

M is ai§li tlcant at .01 level. 
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